The vibration propagates through the shaft in the form of elastic waves. The propagation characteristics of the elastic waves are affected by the axial loads. The influence of the axial loads to the propagation characteristics of the elastic waves is studied in this paper. Firstly, the transfer matrix of the elastic waves for the non-uniform shaft with axial loads is deduced by combining the transfer matrix without axial load and the additional equation caused by the axial load. And then, a numerical method is used to study the influence of the axial load, non-uniformity and the rotating speed to the propagation characteristics of the elastic waves. It's found that a new Stop Band will appear due to the axial force, and the central frequency of which will decrease as the increase of the force, while the band width of which remains the same. The central frequency of the new Stop Band will also increase as the increase of the cross-section area ratio; however, the rotating speed of the shaft doesn't affect the propagation characteristics of the elastic waves obviously. Finally, an experimental rig is built up for further study, even though there are some small local errors, the results of experiments match well with the numerical ones, which indicates the validation of the theoretical results. The result can help to study the influence of the axial load to the dynamics of a non-uniform shaft and help to reveal the vibration propagating mechanism in such a shaft. 
Introduction
The rotating shaft often suffers axial loads in real applications and the loads increase gradually as the unstop development of the machinery, e.g., the shaft of a large compressor, the rotor of a heat pump system, the dynamics of the rotating shaft with axial loads have drawn people's attention [1] [2] [3] . Besides the axial load, the rotating shaft are often non-uniform, e.g., with non-uniform cross-section, with variable elastic modulus [4] [5] [6] . These factors have a non-negligible influence on the vibration propagating in the shaft. Vibration propagates in the media such as a shaft in the form of elastic waves, the study to the propagation characteristics of the elastic wave can help to know the dynamics of the rotating shaft, and also can help to control the unnecessary vibration, to reduce the noise, even to detect a crack [7] [8] [9] .
The research to axial loads on a rotating shaft never stops. Kocakaplan et al. [10] studied the incremental wave motion in elastic media with initial stress, and how the initial stress produces changes in stiffness and wave propagation speeds was investigated. Ahmadi and Mahvelati [11] presented a new and simple approach for estimating group efficiency of drilled shafts installed in sandy soil under axial loading. Eftekhari et al. [12] investigated the nonlinear vibration of a simply supported rotating shaft with nonlinear curvature and gyroscopic effect under transversely electromagnetic load. Huang et al. [13] presented a method for assessing the dynamic stability of simply supported columns with damping under arbitrary periodic axial loading owing to parametric resonance. Chen et al. [14] performed experiments to investigate the interaction between bending moment and axial load for grouted connection specimen. Dai et al. [15] analyzed the parametric stability of rotating cylindrical shells under static and time dependent periodic axial loads. Gholipour et al. [16] evaluated the effects of axial load on dynamic responses and failure behaviors of reinforced concrete columns subjected to lateral impact loading by using numerical simulations in LS-DYNA. Johansen et al. [17] studied the offshore jacket structures carrying variable axial loads, large shear forces and bending moments. Dong et al. [18] presented an analytical study that predicts the low-velocity impact response of a spinning functionally graded graphene reinforced cylindrical shell subjected to impact, external axial and thermal loads. Yang et al. [1] built an experimental rotor rig and studied the axial load and rub, a comparison about the dynamic characteristics of the experimental rig is made between with and without the axial loads.
As for the studies about the propagation characteristics of the elastic wave, more concerns focused on the Pass and Stop Bands of the elastic waves [19, 20] . Fabro et al. [21] investigated the structural wave propagation in one dimensional waveguides with randomly varying properties along the axis of propagation. Li [22, 23] reduced the governing differential equations for free longitudinal vibration of rods with variable cross-section to the Bessel forms or other analytically solvable differential ones. Toso [20] analyzed the propagation characteristic including the cut-off frequency, Pass and Stop Bands of the longitudinal wave propagating in stepped rods or shafts, and the equations of wave motion of the element on the rod or the shaft were employed to deduce the transfer matrix and relationship between the propagation characteristic and the material properties and variation forms of the cross-section area. Abarbanel et al. [24] investigated linear wave propagation in non-uniform medium under the influence of gravity. Bahrami et al. [25] presented the wave propagation approach for analyzing the free vibration and wave reflection in carbon nanotubes. Xie et al. [26] presented a unified analytic method, wave based method to investigate free and forced vibrations of nonuniformly supported cylindrical shells. Tavasoli et al. [27] concluded that the application of non-uniform cross section piles increase the driving process efficiency, reduce energy consumption and decrease the noise pollution. Xue et al. [28] used Hermitian wavelet finite element can be used to describe the wave propagation and to reveal the rule of the wave propagation in plane. The wave propagation response is used to solve the load identification inverse problem. Sarayi et al. [29] employed wave propagation method to exactly derive resonant frequencies and wave power reflection from different classical boundary conditions. Bahrami et al. [30] presented the wave propagation approach for free vibration analysis of non-uniform annular and circular membranes.
Nevertheless, an important question of interest, which to our knowledge have not been addressed in most previous studies, is the influence of axial loads to the dynamics of the rotating shaft and to the propagation characteristics of the elastic waves, which need to be studied further.
Recently, the authors have studied the propagation characteristics of the elastic waves propagating in a rod, and in a multi-step rod by adopting the transfer matrix method, see references [5, 6] , the rod or the multi-step rod is stationary, and further, the propagation characteristics of the elastic waves propagating in a nonuniform shaft is studied with considering the rotating speed, see Ref. [31] . In this study, the axial load of the non-uniform rotating shaft is considered, the influences of the axial load, the area-ratio and the rotating speed to the propagation characteristics of the elastic wave are studied.
The transfer matrix method is applied to study the influence of the axial loads to the elastic waves in this paper. First, the additional equation for the axial loads to the transfer matrix is deferred, and by combing it with the transfer matrix without axial loads, the whole transfer matrix is deduced for the non-uniform rotating shaft suffering axial loads. Then, the theoretical results are derived by using the numerical method, the influences of the axial load, the area-ratio and the rotating speed are studied thoroughly. Finally, an experimental rig is built up to verify the results of the theoretical study.
Theoretical Study

Propagation Characteristics
A non-uniform shaft is shown in Figure 1 . As can be seen in the figure that the cross-section area varies as the location x. E is the elastic modulus of the material of the shaft, S(x) is the cross-section area of the shaft at location x, ρ is the density, γ is the Poisson's ratio and L is the length of the shaft.
Usually, the motion status of an element on the shaft can be expressed by a state vector 
, ω is the angular frequency of the elastic waves, the item e jωt is usually omitted for it occurs on both sides of the equation. w , φ , M , Q are the deflection, slope, moment and shear, respectively [20] .
Suppose that the elastic wave propagates from location x l to location x r , and then, the motion statuses for locations x l and x r can be represented by state vectors y l and y r respectively. Usually, the propagating process could be indicated by the following equation [20] :
where T is the transfer matrix for the elastic wave.
The propagation characteristics of the elastic waves propagating in the rotating shaft are contained in the transfer matrixes, and which can be obtained by calculating the eigenvalues of the transfer matrix [20] . Set the eigen values of matrix T to be , and which could be expressed as follows where the parameter µ indicates the propagating characteristics, α is named as the attenuation factor, which could indicate the attenuation of the amplitude of the wave components, and β is the phase angel, which indicates the phase gap between the wave components. Eq. (1) could be written in a more obvious way, that is: y r = e α y l e β . It could be deduced that if β = 0 or ±π, the corresponding wave components can't pass through the shaft for the wave components backwards and forwards meeting with each other, and the bands are called as Stop Bands and other bands in which the wave components can pass through are called as Pass Bands [20] . Thus, the transfer matrix should be deduced before studying to the propagation characteristics.
Additional Equation for an Axial Load
The transfer matrix for the elastic waves in a non-uniform shaft should be derived firstly, and then the analysis to the propagation characteristics can be performed. Often, the transfer matrix can be deduced from the motion equations or the Hamilton's Principle, however, it's difficult to deduce the transfer matrix for a shaft suffering an axial load directly. This paper divides the transfer matrix into two parts, the first part is the transfer matrix T 0 without any axial loads and the second part is the additional transfer matrix T 0 ′ caused by the axial load.
For a non-uniform shaft without suffering axial loads, former researches have performed detailed study and gained plenty of results, the transfer matrix for the elastic waves is [20, 31] (1) y r = Ty l ,
where where Ω is the rotating speed of the shaft, I(x) is the polar moment of the cross-section area at location x. The subscript ( ,x ) indicates the partial derivative to x. And here, I ,x and I ,xx indicate the first and second order partial derivative to x, respectively. The axial load is not considered in Eq. (3). Next, the paper will focus on deducing the additional equations caused by the axial loads, trying to find out the relationship between the y l and y r with considering the axial force. As shown in Figure 2 , a non-uniform shaft is suffering an axial force F, the free body diagrams for the whole shaft and the infinitesimal length dx at location x is given out and set x l = 0 and x r = L. Suppose that all the elements on the perpendicular cross-section have the same motion statuses.
a The boundary conditions on both sides (2019) 32:70 As shown in Figure 2 , The force F(x) is studied as an axial load here, for loads of other type, similar analysis can be adopted too. Since the shaft is in equilibrium, then the Equilibrium Equations can be applied:
For the left cross-section in Figure 2(a) , it can be deduced that And similarly, it can be deduced also for the right cross-section, that is From Eqs. (5) and (6), we have, For the cross-section at location x shown in Figure 2 (a), the moment here can be written as According to the relationship between slope, deflection and moment, that is M = EIθ ,x = EIw ,xx , and assuming that the deformation is very small, thus, the following equations can be obtained by integrating Eq. (8): Integrate Eq. (9), it can be deduce that
The relationship between the left section and the right section is needed, thus, substituting x = L into Eqs. (8)- (10), and then For the infinitesimal shaft dx at location x, it can be deduced that For the whole shaft, Eq. (14) can be rewritten as 
Transfer Matrix for the Shaft
Now the transfer matrix for the non-uniform shaft suffering axial loads can then be deduced by combining the additional equation to the transfer matrix deduced without the axial loads.
The additional equation of the axial force has been derived above, see Eq. (18) . Considering that the shaft is linear, and then the addition method can be adopted here. Adding Eq. (18) to y r = T 0 y l , and then the transfer matrix for the elastic wave propagating in a non-uniform shaft suffering a axial force load is derived where T 0 and T 0 ′ have been given out in Eq. (3) and Eq. (19) respectively.
(20) According to the definition of the propagation characteristics, they can then be obtained by calculating the eigenvalues of Eq. (20) . Here, Eq. (20) is an exponential matrix, and the eigenvalues of which can't be calculated analytically.
Numerical Simulation
The transfer matrix of the elastic wave propagating in a non-uniform shaft suffering axial load has been derived in the previous subsection. As mentioned before that the eigenvalues of Eq. (20) can't be solved analytically, a numerical simulation will be adopted here. Noticing that the transfer matrix is associated with the axial load, the rotating speed and the cross-section area variation form, the numerical simulation is then divided into three parts: the first part is to study the influence of the axial force, the second part is to study the influence of the area ratio with considering the axial force, and the last part is to study the influence of the rotating speed of the shaft suffering an axial force.
All the shaft used in this paper are listed in Table 1 . Set the locations x l = 0 and x r = L for the shaft shown in Figure 1 , the diameters φ 0 of all the shafts at the location x l are the same, which are set to be 30.00 mm. The shaft with the cross-section area variation form S(x) = S(0)(1 + 3x/L) is chosen when studying the influence of the axial load, and the axial loads F is set to be a tension and the value is set to be 0 N, 100 N, 200 N, 300 N, 400 N separately. For the cases of compressions, similar analysis can be adopted too. The area ratio S(0)/S(L) of the shaft is set to be 1/1, 1/2, 1/3 and 1/4, with an axial force 400 N and a rotating speed 3000 r/min. In the last part, the No. 4 shaft is chosen and the rotating speed is set to be 0, 1500 r/min, 3000 r/min, 4500 r/min with axial force 400 N. The detailed information is listed in Table 2 .
As shown in Table 1 , the lengths of all the shafts are L = 0.7 m, with diameter φ 0 = 30.00 mm at x = 0 shown in Figure 1 . Supposing the shaft is made of 45# steel, thus, the density ρ is 7.8 × 10 3 kg/m 3 , the elastic modulus E is 2.06 × 10 11 Pa and the Poisson's ratio γ is 0.3.
Simulation for Axial Loads
When studying the influence of the axial loads, the axial loads are set to be tensions and the values are 0 N, 100 N, 200 N, 300 N and 400 N, as listed in Table 2 . The rotating speed of the shaft to be Ω = 3000 r/min to avoid possible influence caused by the rotating speed fluctuation. Substituting all the parameters into Eq. (20), the eigenvalues and the propagation characteristics of the elastic waves can then be derived by programing in the MATLAB Software. The results are shown in Figure 3 . The Stop Bands derived at different axial loads are shown in Figure 3 . The real line and the dashed line are a pair of conjugate values. As can be seen in Figure 3 Table 3 .
It can be found in Table 3 that the width of the new Stop Band keeps the same as the increase of the axial load while the central frequency of which decreases gradually. As for the whole Stop Band, only the 3rd one changes while the first two Stop Bands remain the same. A conclusion can be made that the axial load will cause a new Stop Band, and the new Stop Band happens to locate at the range of the third Stop Band, thus, only the 3rd Stop Band is affected by the axial load.
Simulation for Area Ratios
As shown in Table 2 , the shafts numbered 1, 2, 3 and 4 are used to study the influence of the area ratio, the axial force is set to be 400 N and the rotating speed is set to be 3000 r/min to avoid possible influence. Substituting the corresponding parameters into Eq. (20) , the propagation characteristics of the elastic waves can then be derived by the same manner mentioned in last subsection. The numerical results are shown in Figure 4 . As can be seen in Table 4 , the central frequency of the new emerging Stop Band caused by the axial force will be higher and higher as the increase of the area ratio while the width of which remains the same, and the widths of the original Stop Bands become larger and larger as the increase of the area ratio too.
Simulation for Rotating Speeds
When studying the influence of the rotating speed, the shaft with area ratio S(0)/S(L) = 1/4 is chosen, and the axial load F is set to be a constant value 400 N. Substituting the corresponding parameters into Eq. (20), the propagation characteristics of the elastic waves can then be derived by calculating the eigenvalues of the transfer matrix. The numerical results are shown in Figure 5 . 
Experimental Analysis
An experimental rig is setup and the experiments are performed according to the procedures of the numerical simulation. The rig is shown in Figure 6 . The shaft to be tested is supported by two sliding bearings which are fixed on a steel base, and the shaft is driven by a servo motor which can control the rotating speed of the shaft precisely. A set of acceleration sensors are fixed on the bearings and on the steel base. The axial load is exerted by a pull rod which is connected to a digital tension gauge, see Figure 7 . A signal function generator generates a pulse signal, and then the signal is amplified by an amplifier and sent to the exciter, and then the exciter acts a force on the shaft which is used to stimulate the elastic wave, just shown as Figure 8 . The acceleration sensors are set on the two sliding bearings and the acceleration signals of both sides are acquired by a date acquiring system.
A single or a set of pulse is often used to stimulate the elastic wave [20, 32] , a single pulse is used in this paper. The signal generator generates a pulse with a width of 2 × 10 −3 s and then the pulse is amplified by an amplifier, the amplified signal is then used to drive the exciter. The force of the exciter acting on the shaft is measured by a force sensor, as shown in Figure 8 . The magnitude of the force is limited to 100 N to avoid overloads for the sensors.
In order to verify the results of the numerical simulation, the experiments are performed as the numerical simulation. The experiments are performed to validate the influence of the axial load, the area ratio and the rotating speed, following the conditions shown in Table 2 . Besides the non-uniform shafts, the uniform shafts with the same mass are studied too. The diameters of the uniform shafts are 30.00 mm, 36.74 mm, 42.43 mm, 47.43 mm for the non-uniform shafts numbered 1, 2, 3 and 4 separately.
Experimental Results for Axial Force
The actuating force is used to stimulate the elastic force and be studied firstly. The time history of the real stimulating force and its spectrum obtained by the FFT (Fast Fourier Transformation) are shown in Figure 9 .
As can be seen in Figure 9 , the energy of the signal mainly distributes at the range [0, 2000], which covers the width of the numerical simulation, thus the force can be used to study the propagation characteristics of the elastic waves.
Alternative magnitudes of the axial force are studied and the result are shown in Figure 10 . Acceleration signals of the non-uniform shaft and the uniform shaft with the same mass are studied. Considered the complexity of the signals, the spectrum comparison method is used here to determine the Stop Bands of the elastic waves. A very short signals of 0.02 s' length after the stimulating force is obtained by truncating the original ones. Considering that the difference of the numerical Stop Bands lies at the third Stop Band, the comparison focuses on the 3rd Stop Band here.
As can be seen from Figure 10 , the length of the time history is 0.02 s, the dashed lines indicate time-and frequency-domain of the signal for the non-uniform shaft, while the real lines indicate those for the uniform shaft processing the same volume. In Figure 10 
Experimental Results for Area Ratio
As shown in Table 2 , the shafts Numbered 1, 2, 3, 4 are used in the experiments too. In order to isolate other factor's influence, the axial force is chosen as 400 N, and the rotating speed is set as 3000 r/min. The experiment results are shown in the following figure.
It can be seen from Figure 11 
